In this paper, we introduce the notion of orthogonal Z-contraction mappings and prove fixed point theorems for such contraction mappings in orthogonally metric spaces, which are generalizations of fixed point results for Z-contraction mappings in metric spaces. As an application, we apply our main results to show the existence of a unique positive definite solution of a nonlinear matrix equation.
Introduction
The most well-known fixed point theorem is the Banach contraction principle (briefly, BCP) due to Banach [1] . After that, Ran and Reuring [2] established fixed point results on partially ordered metric spaces and also applied to the existence and uniqueness results of a solution for a nonlinear matrix equation. Especially, Gordji et al. [3] extended the BCP to the setting of an orthogonal set (briefly, O-set). They applied obtained results to prove the existence of a solution for a differential equation, which can not be applied by the BCP [1] and the results of Ran and Reurings [2] .
In 2012, Khojasteha et al. [4] introduced a new control function namely a simulation function and defined a new contraction namely  -contraction as follows: Xd be a metric space and  . A mapping is called a  -contraction mapping with respect to  if : T X X  ( ( , ), ( , )) 0 d Tx Ty d x y   for all ,.
x y X  They showed that the class of  -contraction mappings can be expressed in various contractive classes in a simple and unified way and also established fixed point results for -contraction mappings in complete metric spaces.
The aims of this work are to introduce the concept of orthogonal Z-contraction mappings with respect to simulation functions and establish fixed point theorems for such contraction mappings in orthogonal metric spaces. As an application, we apply our main results to consider the existence of a unique positive definite solution of a nonlinear matrix equation.
Preliminaries
Throughout this paper, we denote by X , , and 0 the nonempty set, the set of positive integers and the set of nonnegative integers, respectively. Now, we recall the concept of an orthogonal set (or O-set), some examples and some properties of the orthogonal sets as follows:
). Let X be a nonempty set and XX   be a binary relation. If  satisfies the following condition:
then it is called an orthogonal set (briefly, O-set) and 0
x is called an orthogonal element. We denote this O-set by ( , ) X  . 
Moreover, we define some new properties of the orthogonal sets as follows:
Definition 2.8. We say that an O-set is a transitive orthogonal set if is transitive.
xy  be denoted as all path of length in from to .
The following lemma will be useful later.
Lemma 2.10 ( [5] ). Let be a metric space and a sequence in such that
is not a Cauchy, then there exists
Main Results
In this section, we introduce a new  -contraction mapping and prove some fixed point theorems for  -contraction mappings in orthogonally metric spaces. 
Application
In this section, we use the following matrix notations:
() Mndenotes the set of all nn  complex matrices, () Pn denotes the set of all nn  positive definite matrices, () Hn  denotes the set of all nn  positive semidefinite matrices. We write A BA  .
The goal of this section is to apply fixed point results for -contraction mappings via Thompson metrics to solve the nonlinear matrix equation
A is an nn  nonsingular matrix, Q is a Hermitian positive definite matrix and i  is a continuous order preserving self-mapping on () Pn .
We recall properties of the Thompson metric for Hermitian positive definite matrices as follows: 
Thus, 0 ( , ) ( ( , )) ( ( ), ( ))
and so 0 ( ( ( ), ( )), ( , )). 
Conclusion
Our main theorem is a real generalization of the Khojasteha's fixed point result and the Gordji's fixed point result. Moreover, our new fixed point theorem for Z  -contraction mappings can be applied to show that the matrix equation (3) always has a unique positive definite solution.
